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AbstractÐA numerical model is presented for the prediction of grain size in inoculated castings and is
tested against measured grain sizes obtained in standard grain-re®ner tests on aluminium alloys. It is
shown that for potent nucleants, such as commercial grain re®ners for aluminium, the nucleation stage
itself is not the controlling factor. The number of grains is determined by a free-growth condition in which
a grain grows from a re®ner particle at an undercooling inversely proportional to the particle diameter.
With measured particle size distributions as input, the model makes quantitatively correct predictions for
grain size and its variation with re®ner addition level, cooling rate and melt composition. The model can
assist in optimizing the use of existing re®ners and in developing improved re®ners. 7 2000 Published by
Elsevier Science Ltd on behalf of Acta Metallurgica Inc.
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1. INTRODUCTION

Grain re®nement by inoculation involves addition

of particles which can act as substrates for hetero-
geneous nucleation. Inoculation is particularly
widely practised in the aluminium industry [1], both

in shaped casting of alloys and in the direct-chill
(DC) casting of many wrought grades, including
commercial-purity (CP) aluminium. In the latter

case, e�ective grain re®nement brings many direct
and indirect bene®ts, including the possibility of fas-
ter production rates. There is great interest in the

quantitative prediction of solidi®cation microstruc-
ture in general and grain size in particular. The
grain size depends on, for example, the cooling rate
of the melt, its solute level, and the amount of

added inoculant. The present work sets out to
develop a predictive model for grain size that takes
these factors into account. The model is tested

against the results of standard grain-re®ning tests
on CP aluminium. The melts have been inoculated
with a commercial Al±Ti±B re®ner, but the results

may be relevant also for other re®ners. While the
model has been primarily aimed at understanding

the grain size in DC-cast billets of aluminium, it

should also be applicable for other types of solidi®-

cation processing and other alloys.

At typical levels of addition of inoculant to alu-

minium, the grain re®nement is very ine�cient, with

at best 1% of the added particles acting as growth

centres for grains. Maxwell and Hellawell [2]

suggested that the heating of the melt (recalescence )

caused by latent heat release from the ®rst crystals

to grow would sti¯e further nucleation events. They

assumed that at any time the melt could be taken

as spatially isothermal, and they modelled its ther-

mal history taking into account the latent heat

release and the external heat extraction. Crystal

growth was taken to be initiated by heterogeneous

nucleation.

The modelling in the present work is based on

that in Ref. [2], but it is shown that heterogeneous

nucleation is not necessarily the rate-limiting step

for initiation of crystal growth in an inoculated

melt. Rather, free growth of a crystal starts on a

given particle at an undercooling inversely pro-

portional to the diameter of the particle. For this

case, it is essential to assume, more realistically, a

distribution of particle size rather than the single

size taken by Maxwell and Hellawell [2]. A descrip-

tion of preliminary work on the present model has

been given elsewhere [3].
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2. MECHANISMS OF GRAIN REFINEMENT

2.1. Nucleation mechanism

For grain re®nement, the inoculant particles

added to the melt must be potent substrates for het-
erogeneous nucleation. However, the nucleation can
occur only if the melt is su�ciently undercooled. In

a solidifying system, the remaining melt can be
undercooled only if there is some solute in the melt
to restrict the growth of the solid, either at a colum-

nar front competing with equiaxed solidi®cation or
from particles where nucleation has already
occurred. Thus e�ective re®nement requires both
heterogeneous nucleation and growth restriction.

For the particular case of Al±Ti±B re®ners in CP
aluminium, prior work on the nucleation mechan-
ism will now be reviewed.

Al±Ti±B re®ners consist of TiB2 particles 0.1 to
010 mm in diameter and Al3Ti particles 20±50 mm
in diameter, dispersed in an aluminium matrix [4].

Al3Ti can be a very e�ective nucleant for alu-
minium, but this phase dissolves quickly when the
re®ner is added to CP Al, as the total titanium con-
tent in the melt is well within the solubility limit [5].

It is well accepted that some excess titanium
(beyond that combined with B in TiB2) is required
for e�ective nucleation [6]. Recent microscopical

studies of re®ning particles in an Al-rich metallic
glass matrix have provided evidence that in the pre-
sence of excess Ti, thin Al3Ti layers can be present

on the surface of the TiB2 particles, even at low
overall Ti levels where Al3Ti would not otherwise
be stable [7±11]. The same studies show that c.c.p.-

Al nucleates only on the coated {0001} faces of the
borides.
The microscopical studies suggest that there is no

morphological reason why only 01% of TiB2 par-

ticles are e�ective nucleants. A possible speculation
is that a small fraction of particles might have sur-
face sites such as ledges particularly favourable for

nucleation, but the studies show that such sites are
not required. Indeed, re-entrant corners cannot be
favoured sites because the c.c.p.-Al forming at such

sites avoids contact with the non-{0001} faces of
the boride [11]. Neither was any microscopical evi-
dence found for compositional di�erences between
particles giving di�erences in nucleation perform-

ance; Marcantonio and Mondolfo [12], for example,
suggested that variations in composition between
TiB2 and AlB2 (which is isomorphous with TiB2)

could give di�erences in nucleation.
Studies of solidi®cation of liquid droplets

entrained in solid matrices have permitted quanti-

tative analysis of nucleation kinetics. When large
undercoolings are required for heterogeneous
nucleation �DT > 50 K, corresponding to contact

angles greater than 0408), the classical, spherical-
cap model provides a good ®t to the kinetics [13],
but otherwise the model appears to break down
[14]; in the latter case, it has been suggested that an

adsorption model may be appropriate [15, 16]. In
this model there is a critical undercooling beyond

which it is thermodynamically favourable to have
an adsorbed layer of a new crystalline phase which
is then the basis for growth. Numerous studies have

shown that the undercooling for nucleation of
c.c.p.-Al by Al±Ti±B inoculants is very small, cer-
tainly less than 0.5 K and perhaps as little as 0.01 K

(e.g. Refs [17±19]). With such potent nucleation, it
seems clear that the spherical-cap model for hetero-
geneous nucleation cannot be applied. The alterna-

tive adsorption model would be consistent with
high-resolution transmission electron microscopy
observations [10], showing a layer of Al3Ti as thin
as three monolayers on TiB2 particles in glassy

matrix studies.

2.2. Growth restriction

In early work, the degree of growth restriction
for a particular solute was described by the consti-

tutional-supercooling parameter P [20]

P � m�kÿ 1�C0

k
�1�

where m is the liquidus slope, k is the equilibrium

partition coe�cient, and C0 is the solute content in
the alloy melt. In the absence of solute interactions,
the overall constitutional-supercooling parameter

for a multicomponent alloy can be estimated by
summing the P values for each element [21, 22].
Maxwell and Hellawell [2] considered growth of

spherical crystals restricted by the partitioning of a
single solute. To a good approximation the crystal
growth rate for a given undercooling is pro-
portional to the di�usivity of the solute in the liquid

and inversely proportional to the parameter Q ��
1=X in Ref. [2])

Q � m�kÿ 1�C0 � kP: �2�
In the present work Q is termed the growth-restric-
tion parameter. Desnain et al. [23] extended the

Maxwell±Hellawell treatment to multicomponent
alloys and showed that for these, the overall
growth-restriction parameter is again the sum of the
Q values for the individual solutes. Hodaj and

Durand [24] introduced a new growth-restriction
parameter U in which the contributions of the var-
ious solutes are weighted inversely by di�usivities.

However, reliable values for solute di�usivities in
liquid aluminium are di�cult to obtain. In the pre-
sent work, we assume that all the solute di�usivities

are essentially the same, and quantify the growth
restriction by summing Q values.
A major study of solute e�ects by Spittle and

Sadli [25] used inoculated binary alloy melts with a
wide range of solute types and amounts to show
that there appears to be a universal curve relating
grain size to P. As P is increased, the grain size at
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®rst decreases sharply, and then levels o� when
Pr15 K: It will be shown (Section 5.4) that the ex-

perimental data of Spittle and Sadli are better inter-
preted in terms of Q.

2.3. Analysis by Maxwell and Hellawell

The basis of the Maxwell±Hellawell model [2] is

that restriction of the growth of already nucleated
grains permits continuing nucleation in the under-
cooled melt until the total latent heat release is suf-

®cient to cause recalescence and the loss of
undercooling. Classical steady state nucleation the-
ory was applied to calculate the rate of formation

of spherical-cap nuclei on re®ner particles. It was
assumed that once formed a nucleus would quickly
envelop a particle, giving one nucleation event per

particle. The nucleation rate on a particle is depen-
dent on the undercooling, the contact angle y, and
the particle size. In the calculations only single
values of y and particle size were used. While

Maxwell and Hellawell recognized the limitations of
the spherical-cap model, they took y to be a con-
venient measure of nucleation potency. The growth

of the grains was taken to be spherical and
restricted by the curvature undercooling and by
solute di�usion.

The release of latent heat was calculated and the
competition with external heat extraction led to
cooling behaviour (modelled numerically) in which
undercooling is followed by recalescence and a ther-

mal plateau. The value of the limiting grain size at
high re®ner additions was studied as a function of
the key parameters. Lower y (more potent nucle-

ants) and higher cooling rate give a ®ner limiting
grain size. Increased growth restriction [quanti®ed
as Q in equation (2)] has a strong e�ect in reducing

the limiting grain size. Only self-inoculating binary
peritectic systems (Al±Ti, Al±Zr, Al±Cr) were con-
sidered, however. Increased nucleant particle size

had only a weak e�ect in reducing the limiting
grain size. Maxwell and Hellawell did not undertake
a quantitative experimental test of any of these pre-
dictions.

3. EXPERIMENTAL

The grain re®ner used was Al±5Ti±1B (wt%), as
supplied commercially in 9.7 mm diameter rod form

by London & Scandinavian Metallurgical Co.
Limited. The microstructure of the re®ner itself was
studied by scanning electron microscopy (SEM) of

polished sections. With backscattered electron ima-
ging, the TiB2 particles appear bright against the
darker matrix, with su�cient contrast to permit

image analysis to determine their size distribution.
Grain-re®ning tests were carried out on commer-

cial-purity (CP) Al, using the Aluminum
Association TP-1 test [26], with an addition level of

one part per thousand (p.p.t.) by weight (equivalent
to 1 kg of rod added per tonne of molten alu-

minium), unless speci®ed otherwise. Samples were
taken for grain-re®ning tests after selected times,
mostly after 2 min. In each case the melt was main-

tained at 718258C, and was stirred thoroughly
before each sample was taken. Stirring is known to
prevent fading (increase of grain size with the time

that the re®ner particles have been present in the
melt before cooling) which can be attributed to par-
ticle settling [27, 28]. Test samples are removed

from the metal bath in a conical steel ladle, which
is then lowered into a retaining ring and quenched
from below until solidi®cation is complete. The
cooling rate at the section height (see below) in the

standard TP-1 test was estimated by direct measure-
ment in sample tests to be 3.58C/s. This is within
the expected range for the TP-1 test, which is

intended to duplicate the cooling rate found in DC-
cast ingots.
Each cone is then sectioned perpendicular to its

axis 38 mm from its base, polished to remove any
scratches and then etched in Poulton's reagent to
highlight the grain boundaries. The mean linear

intercept, �l, was then estimated by counting the
number of grain-boundary intercepts along two per-
pendicular 13 mm long lines, randomly placed in
the central area of the etched surface. No correction

was made for the potential omission of intercepts
by over-etching of small grains; the measurements
may therefore somewhat overestimate the grain

size. The error in the grain-diameter determination
is estimated to be220 mm.
All grain diameters quoted are values of mean

linear intercept �l: The numerical model calculates
the number of grains per unit volume NV. In com-
paring experimental measurements with model pre-
dictions, the values of NV and �l are interconverted

using

NV � 0:5

�l
3

�3�

(see Appendix).
Apart from the TP-1 tests, cooling curves were

determined for melts cooled in alumina crucibles.

To vary the cooling rate the crucible was set on a
copper chill block (1 K/s), allowed to air-cool
(0.75 K/s) or wrapped in an insulating blanket

(0.5 K/s).

4. FREE-GROWTH MODEL

4.1. Nature of the growth onset

The TiB2 particles in the re®ner are faceted hexa-

gonal platelets with large {0001} faces on which
nucleation occurs; in the present work these are
treated as discs of diameter d. It is assumed that a
nucleus is formed on the face of a particle at very
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low undercooling, whether as a low-contact-angle

spherical cap or by adsorption. Initially, the newly
formed crystal can grow laterally, but when it com-
pletely covers the face of the boride it can grow

further only by reducing the radius of curvature of
its interface with the melt (Fig. 1). This radius can-
not go below the critical value r� for nucleation at

the instantaneous temperature. If the diameter of
the particle is such that d < 2r�, then free growth of
the crystal from the particle is not possible. It

becomes possible only at greater undercooling when
r� is reduced. The critical condition for free growth
of the crystal through the minimum-radius hemi-
spherical shape is when d � 2r�: The undercooling

for free growth DTfg and the nucleant particle diam-
eter d are simply related by

DTfg � 4s
DSVd

�4�

where s is the solid±liquid interfacial energy and

DSV is the entropy of fusion per unit volume.
Undercooling experiments give lower-bound esti-
mates of s [29]. We take the highest available value

of s � 158 mJ=m 2 from contact-angle measurements
[30]. With DSV as in Table 1, TiB2 particles in the

re®ners, 0.1±10 mm in diameter, would give DTfg in
the range 5.7 K down to 0.06 K. This range spans
the values quoted for nucleation undercooling,

suggesting that the free-growth barrier is dominant.
The condition for free growth is not signi®cantly
a�ected by whether the crystal ``wets'' some or all

of the faces of the particle. In the present work it is
assumed that each nucleant particle can be a
growth centre for at most one grain.

Since the onset of growth is controlled by the
growth constraint rather than by nucleation, it is
not stochastic. As the undercooling is increased,
progressively smaller particles become centres for

free growth, which occurs as soon as the required
undercooling is reached, without any delay such as
would be associated with a ®nite nucleation rate. In

the modelling (assuming an isothermal melt), this
has the important consequence that a single particle
diameter would lead to growth of grains starting

simultaneously on all particles. This unrealistic out-
come is avoided by modelling with a distribution of
particle diameter. It is in any case known (Sections

2.1 and 5.1) that the particles in actual re®ners do
show a substantial size distribution.

4.2. Isothermal melt

The essence of the present model is that the

growth of some grains must sti¯e further nuclea-
tion, thus limiting the e�ciency of the re®ner. There
are three ways in which sti¯ing of further nuclea-

tion events could occur: (i) by hard impingement of
the growing grains, (ii) by soft impingement of the
solute di�usion ®elds around the growing grains, or

(iii) by soft impingement of the thermal di�usion
®elds. Maxwell and Hellawell [2] showed that (iii) is
clearly dominant; this is basically because in the
melt the thermal di�usion coe�cient is four orders

of magnitude greater than the solute di�usion coef-
®cient.
In an alloy in which there is a clear re®nement

e�ect, the average grain diameter, and therefore the
approximate separation between active growth
centres, can be as much as 200 mm. The solutal dif-

fusion length is much less than this range. For typi-
cal solidi®cation velocities, the thermal di�usion
length is two to three orders of magnitude greater

Fig. 1. Crystal growth following nucleation (by the classi-
cal heterogeneous mechanism, or by adsorption) on one
{0001} face of a boride particle. Thickening of the crystal
reduces the radius of curvature of its interface with the
liquid. As this radius cannot go below the critical nucleus
radius r �, there is a barrier to free growth if d < 2r�:
Further growth past the critical hemispherical condition
(for which the solid±liquid interface has minimum radius
of curvature) is then possible only by increasing the under-

cooling to reduce r �.

Table 1. Parameters used in the calculations. The material parameters are mostly for pure aluminium

Quantity Symbol Units Value Reference

Solid±liquid interfacial energy s mJ/m2 158 [30]
Entropy of fusion per unit volume DSV J/K m3 1.112� 106 [31]
Enthalpy of fusion per unit volume DHV J/m3 9.5� 108 [31]
Heat capacity of melt per unit volume CpV J/K m3 2.58� 106 [32]
Di�usivity in melt (Ti in Al) Ds m2/s 2.52� 10ÿ9 [33]
Cooling rate in TP-1 test dT/dt K/s 3.5 [26] and this work

2826 GREER et al.: INOCULATION OF METALLIC MELTS



than this range, showing that the assumption of an
isothermal melt is well founded.

As the melt is cooled below the liquidus tempera-
ture, free growth of crystals occurs ®rst on the lar-
gest inoculant particles, and then on more, smaller

particles. All the growing crystals release latent heat
that is distributed uniformly through the melt, slow-
ing the rate of cooling, and eventually causing the

temperature to rise (recalescence). After the tem-
perature has started to rise, there is no further in-
itiation of free growth. Thus recalescence limits the

re®nement of grain size. Quantitative predictions
require computation of the crystal growth rate,
which is considered next.

4.3. Crystal growth

In the operating conditions of slow growth in a
near-isothermal melt, only the curvature and solutal
undercoolings are signi®cant. For a spherical crystal
of radius r, the curvature undercooling DTc is given

by

DTc � 2s
DSVr

: �5�

The solutal undercooling DTs is given by

DTs � m�C0 ÿ CIL� �6�

where m and C0 are as already de®ned, and CIL is
the solute content in the melt at the solid±liquid

interface.
The present model calculates the crystal growth

rate according to the method of Maxwell and
Hellawell [2], brie¯y outlined here. The growth in

the relevant, early stages can be taken to be spheri-
cal and not dendritic. In an isothermal melt, the
radius r of a growing spherical crystal is given by

[34]

r � ls�Dst�1=2 �7�

where Ds is the solute di�usion coe�cient in the
liquid and t is the time. The parameter ls is

obtained using the invariant-size approximation [34]

ls �
� ÿS
2p1=2

�
�
�
S 2

4p
ÿ S

�1=2

: �8�

Here S is given by

S � 2�CIL ÿ C0�
�CIS ÿ CIL� �9�

where CIS is the solute content in the solid at the

solid±liquid interface. As illustrated in Ref. [2], S
can vary between 0 and ÿ2: In the present case, in
which the overall melt undercooling
DT � DTs � DTc, S is given by

S �
2

�
DTÿ DTc

m

�
�kÿ 1�

��
DTÿ DTc

m

�
� C0

� : �10�

Di�erentiating equation (7) with respect to time,
and rearranging, gives the growth rate of a spheri-

cal crystal as

V � dr

dt
� l 2

s Ds

2r
: �11�

Thus the instantaneous growth rate of a spherical
crystal depends on the overall undercooling DT, the
crystal radius r and alloy composition C0, in ad-
dition to the alloy parameters m, k, s, DSV and Ds.

4.4. Numerical calculation

The calculations are performed for a notional

1 m3 of melt. The thermal history of the melt is
treated as a series of short temporally isothermal
steps of duration dt. In the absence of solidi®cation

Tn�1 � Tn ÿ R dt �12�

where Tn is the temperature of the (spatially isother-
mal) melt in the nth time interval, and R is the
imposed cooling rate. The inoculant particles are

classi®ed into bins by diameter d, the number of
particles in the range d to d� dd being N(d )dd. For
each such set of particles, crystal growth on them is

initiated when the melt undercooling (measured
relative to the liquidus) reaches, or exceeds, their
free-growth undercooling [equation (4)]. In all sub-
sequent time intervals, the radius of the crystals

growing on this set of particles is changed accord-
ing to

rn�1 � rn � V dt �13�

where V in the nth interval is calculated using
equation (11), but with the value of r taken to be
that in the �nÿ 1)th interval; this ensures that
growth can occur as soon as DTfg is reached.

For the set of crystals growing on the particles of
diameter d to d� dd, there is a heat input q(d )dd
into the melt in the nth time increment:

�q�d �dd �n � N�d �dd 4pr 2nÿ1�rn ÿ rnÿ1�DHV �14�

where DHV is the latent heat of solidi®cation per
unit volume. In every time increment, the heat

inputs from each set of growing crystals are
summed to obtain the total qtotal, and the melt tem-
perature in the next interval is then given by

Tn�1 � Tn ÿ R dt� qtotal

CpV
�15�

where CpV is the speci®c heat of the melt per unit
volume. There is no need to change the speci®c
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heat according the fraction solidi®ed, because that
fraction is so small in the range of interest.

In applying the model (implemented in
FORTRAN 77), the initial time interval was
reduced only to the stage where further reduction

led to a change in the computed grain size of less
than 1%. It was found that a suitable starting inter-
val is dt � 10ÿ4 s: This interval was reduced as the

calculation progressed, roughly in proportion to the
magnitude of the instantaneous rate of change of
temperature.

In applying equation (13) in each time interval,
the approximation is made that the solute pro®le
around a growing grain at any instant has the same
form as that for a grain of the same size which had

grown isothermally at the instantaneous tempera-
ture.

4.5. Spherical growth

Before presenting the results (Section 5), it is im-

portant to verify that the operation of the numeri-
cal calculation is consistent with the assumptions
made in formulating the model. Spherical crystal

growth has been assumed, but a dendritic mor-
phology is expected after the very early stages of
growth. The onset of the cellular/dendritic instabil-

ity has been analysed by Mullins and Sekerka [35].
They showed that spherical growth would be absol-
utely stable for crystal radii less than approximately
seven times the critical radius for nucleation under

the same conditions. Relative stability (in which a
perturbation on the spherical shape grows no faster
than the sphere itself) applies for radii less than

021 times the critical radius for nucleation.
Figure 2 shows that, even for the largest crystals
arising in the numerical modelling, the assumption

of spherical growth seems justi®ed for the early

stages of solidi®cation which are relevant for reca-
lescence and analysis of grain re®nement.

5. TESTING THE MODEL

5.1. Parameters in the model

Table 1 shows the parameters used. The materials

parameters are taken to have the values for pure
aluminium, even though in principle the values
would be a�ected by alloying. The relevant solute

di�usivity is taken to be that of titanium in the alu-
minium melt near the melting temperature. In e�ect
it is assumed that other solutes have similar Ds

values.
The full composition of the CP aluminium used

in the present experiments has been given in Ref.
[28]. Table 2 shows only those solutes present in

su�cient quantity to make a signi®cant contri-
bution to the growth restriction. When Q is used to
represent the growth restriction, titanium is clearly

the dominant solute. The model for solute-con-
trolled growth (Section 4.3) is for one solute only.
In applying the model to CP aluminium, the alloy

has been taken to be binary Al±Ti with Ti content
to match the overall Q value. Thus the CP alu-
minium with total Q � 1:37 K has been modelled as

Al±0.009 wt% Ti, which would have the same Q.
The exact composition of Al±5Ti±1B (wt%) re®ner
used has been given in Ref. [28]. At the addition
levels used (up to 10 p.p.t.), the re®ner changes the

composition of the melt to which it is added only
by increasing the Ti content. The e�ect of the extra
TiÐthe overall Q increases by 0.42 K for each

1 p.p.t. additionÐis signi®cant and must be taken
into account in the modelling.
Image analysis of the re®ner was used to obtain a

Fig. 3. The shape of the TiB2 particle diameter distri-
bution in Al±5Ti±1B (wt%) re®ner, as determined from
image analysis of scanning electron micrographs. The total
number of particles in the diameter range 0.2±6.0 mm is
calculated (from the volume fraction of TiB2) to be
05� 1013=m3: The dark shaded portion shows those par-

ticles likely to be active under typical conditions.

Fig. 2. Predictions of the model for CP aluminium inocu-
lated with 2 p.p.t. of Al±Ti±B re®ner and cooled at 3.5 K/
s. For the largest (®rst freely growing) grains, their radius
is compared with the radii for absolute and relative mor-
phological instability [35]. At the relevant early stages of
solidi®cation, spherical crystal growth can be assumed.
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population distribution of the longest particle

dimension for TiB2. The total number of particles
measured for obtaining a distribution was of the
order of 5000. Standard stereological methods [37]
were applied to convert the length distribution as

measured on a two-dimensional section into the
true three-dimensional distribution of disc diameter,
shown in Fig. 3. At low particle sizes the popu-

lations become uncertain, as scratches and other
blemishes on the sections may be wrongly inter-
preted in the image analysis. This is not a major

problem as the grain re®nement performance is
dominated by the largest particles. Particles below
0.2 mm in diameter and above 6.0 mm were barely

detectable, and in the modelling the diameter distri-
bution is considered only between these limits.
Within the range considered, and especially for di-
ameters >1 mm, the population distribution can be

well ®tted by an exponential form:

y � y0 exp

�
ÿ d

d0

�
�16�

where d is the particle disc diameter and d0 is the

characteristic width of the distribution. For the
results in Fig. 3, ®tting the diameter range 1±6 mm,
the best-®t value of d0 is 0.72 mm.

Having obtained the shape of the particle diam-
eter distribution by metallographic examination, it
was more accurate to obtain the absolute numbers
of particles from the composition of the re®ner.

Several transmission electron microscopy studies
(associated with the work in Refs [7±11]) showed
that the TiB2 particles are hexagonal platelets with

thickness 035% of their diameter. In the calcu-
lation, these were approximated as discs of the
same aspect ratio. For 1 wt% B in the re®ner, the

total volume fraction of TiB2 is 2� 10ÿ5, and this
was taken to be the integral of particle volume over
the diameter range. In this way, the absolute par-

ticle populations were estimated. The calculation is
not sensitive to the value taken for the upper limit
of particle diameter, provided this is large enough,
>5 mm.

5.2. Addition level of re®ner

It is well known that inoculation of melts
becomes less e�cient as addition levels are raised.
The near saturation of the grain re®nement at high
addition levels was con®rmed experimentally in a

series of TP-1 tests. Figure 4 shows that the grain
diameter is strongly dependent on addition level
only for additions less than 01 p:p:t:, and saturates

at 130220 mm for high additions.
The model was used, taking the parameters from

various sources in Table 1 and the particle-diameter

distribution, without adjustment. It successfully
reproduces the basic form of the grain size vari-
ation. At high addition levels, the model predicts a

grain diameter of 090 mm, continuing to decrease
slowly with increasing addition. The similarity
between experiment and prediction strongly sup-
ports the validity of the model, in particular the

conjecture that the e�ciency of the inoculation is
limited by recalescence.
The measured and predicted data in Fig. 4 are

Table 2. The values of m (liquidus slope), k (equilibrium partition coe�cient), C0 (solute content), constitutional-supercooling parameter
P [from equation (1)] and growth-restriction parameter Q [from equation (2)] for the solutes of interest in the commercial-purity alu-
minium used in the present work. The m and k values are calculated from parameters in Ref. [36]. The composition of the commercial-
purity Al is also discussed in Ref. [28]. Of the solutes present in CP aluminium, only those contributing > 0:1 K to the overall P or
> 0:01 K to the overall Q are given. The addition of re®ner increases the dissolved titanium content in the melt; the value given is for an

addition of 1 p.p.t. (by wt)

Solute element m (K/wt%) k C0 (wt%) P (K) Q (K)

Fe ÿ2.925 0.03 0.0825 7.8 0.234
Si ÿ6.62 0.12 0.0475 2.3 0.276
Ga ÿ2.52 0.14 0.0125 0.2 0.028
Ni ÿ3.50 0.004 0.0051 4.4 0.018
V 9.71 3.33 0.0079 0.05 0.167
Ti 25.63 7 0.0042 0.09 0.63
Na ÿ7.84 0.013 0.0015 0.9 0.012
Totals for CP Al 15.74 1.37
Ti (from 1 p.p.t. addition of re®ner) 25.63 7 0.0028 0.06 0.42

Fig. 4. Grain size (mean linear intercept) for CP Al inocu-
lated with Al±5Ti±1B at various levels. The grain diam-
eters measured in TP-1 tests (*) are compared with the
model predictions (w) assuming a cooling rate of 3.5 K/s.
Good agreement is found, even though the model has no

adjustable parameters.
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replotted in Fig. 5, which makes clearer the re®ner
e�ciency (the ratio of the number of grains to the

number of added re®ner particles). Again it is seen
that the model successfully predicts the general
form of the observed behaviour. Also shown in

Fig. 5 is the prediction of Maxwell and Hellawell
[2], who found two regimes: (a) in which the e�-
ciency is 100%, and (b) in which the grain size is

essentially constant. The present results, in contrast,
do not approach e�ciencies of 100%, and do not
show a sharp transition between two regimes. The

key di�erence between the models is in the distri-
bution of inoculant particle characteristics. Maxwell
and Hellawell made calculations only for particles
with uniform characteristics (contact angle and

size). Grain nucleation occurs stochastically on the
particles and thus is spread over a range of under-
cooling. However, if a given temperature was main-

tained long enough, nucleation would eventually
occur on all the nucleant particles; in this way
100% e�ciency would be achieved. With the pre-

sent model, however, the distribution of particle di-
ameters means that at any undercooling, only a
fraction of the particles could ever be active growth

centres. The exponential nature of the measured di-
ameter distribution (Fig. 3) shows that a large frac-
tion of the particles may never reach the
undercooling at which they would become active.

An e�ciency of 100% is then impossible.

5.3. Cooling rate

In solidi®cation in general, including that of

inoculated melts, faster cooling gives a ®ner grain
size. To quantify this e�ect, CP-Al melts were

cooled at various rates. In addition to the standard
TP-1 test �03:5 K=s� and a modi®ed TP-1 test with
increased quenching �05:5 K=s), melts were cooled

in alumina crucibles at various rates as described in
Section 3. In each case, the cooling rate just before
the onset of freezing was measured using a thermo-

couple embedded in the melt. The results are shown
in Fig. 6 and compared with the model predictions.
Despite the limited number of measurements, it can

be concluded that there is some consistency between
experiment and prediction. As shown by the model,
there is a strong variation of grain size at low cool-
ing rate, tending to saturate at high cooling rate.

Typical grain-re®ning tests are in a regime where
the grain size could be signi®cantly a�ected by the
cooling rate.

5.4. Growth restriction

The data of Spittle and Sadli [25] from an exten-
sive series of grain-re®ning tests are reproduced in
Fig. 7. To facilitate the interpretation of solute

e�ects, these tests used high-purity aluminium with
carefully controlled solute additions. The data are
plotted as a function of the growth-restriction par-

ameter Q, rather than P as in the original work.
The scatter of the data about the trend line can be
estimated as an r.m.s. deviation in grain diameter,
and this was calculated for grain diameters less

than 400 mm (for which the grain structures are
expected to be re®ned and equiaxed, as discussed in
the next paragraph). The r.m.s. deviation of grain

diameter is estimated to be 45 mm for the plot in
Fig. 7, slightly smaller than the value of 51 mm
obtained for the original P-plot in Ref. [25]. This

Fig. 6. The grain size of CP Al with 5 p.p.t. addition of
Al±5Ti±1B as a function of cooling rate, measured (*) in
a TP-1 test �dT=dt � 3:5 K=s for standard test and 5.5 K/s
with increased quenching) and in other tests in alumina
crucibles (Section 3), and compared with model predic-

tions (w).

Fig. 5. The number of grains per unit volume as a func-
tion of the number of re®ner particles per unit volume,
showing a general trend to lower e�ciency at higher ad-
dition level. Data calculated from grain diameters
measured in TP-1 tests (*) are compared with predictions
of the present model (w). Also shown are the predictions
of Maxwell and Hellawell [2]. Assuming nucleation on a
set of particles with ®xed characteristics, they ®nd two
regimes: (a) in which there is 100% e�ciency (one grain
per particle), and (b) in which the number of grains satu-

rates.
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may suggest that Q is a better parameter than P for
quantifying the degree of growth restriction.
For each of the solutes (Cr, Cu, Fe, Mg, Mn, Si,

Zn and Zr in various amounts), the appropriate m
and k values were put into the model. The solute
contents were adjusted to take account of the Ti in
the melt arising from the 2 p.p.t. re®ner addition

used by Spittle and Sadli. The standard particle-di-
ameter distribution was used, with other parameter
values as in Table 1. As shown in Fig. 7 and also in

Fig. 8, the model predictions match the experiment
well, especially at the important re®ned grain sizes
of less than 400 mm. For larger grain sizes (at low

values of Q ), it is probable that the grain structures
in the tests were columnar, in which case the pre-
sent model does not apply.

P characterizes the largest growth restriction
which could be achieved for a given composition,

and corresponds to the maximum solutal under-
cooling, relevant for steady state growth of a planar
front. In contrast, Q characterizes the degree of

growth restriction for a small undercooling set inde-
pendently. The measured grain sizes do appear to
conform better to a correlation based on Q. This

suggests that the growth restriction controlling the
e�ectiveness of inoculation is that at a small under-
cooling, and not that at the maximum possible

undercooling.
Certainly, Q is central in the Maxwell±Hellawell

model as adapted here. From a Scheil analysis, the
derivative of solid fraction with temperature at the

onset of solidi®cation is found to be 1/Q. Thus
higher Q implies a slower onset of solidi®cation,
slower latent heat release, deeper undercooling

before recalescence and therefore initiation of free
growth on more particles.
Despite some earlier modelling work [38], there

appears to have been no previous attempt to
explain quantitatively the shape of the curve in
Fig. 7. The agreement between measured and pre-

dicted grain diameters evident in Figs 7 and 8, jus-
ti®es the solute di�usion analysis in the Maxwell±
Hellawell model and in the present model. The lim-
ited scatter of the experimental data in these ®gures

is evidence that taking Ds as a constant is a reason-
able approximation.

5.5. Cooling curves

Measured cooling curves have long been corre-

lated empirically with microstructure development

Fig. 7. Grain size as a function of growth-restriction par-
ameter Q [equation (2)] for a standard TP-1 test with
2 p.p.t. addition of Al±5Ti±1B re®ner. The measured data
(*) from Spittle and Sadli [25] are compared with predic-
tions (w) from the model, taking parameters appropriate

for each chosen solute.

Fig. 8. Comparison of measured data (as in Fig. 7, from
TP-1 tests [25]) with the grain diameters computed using
the present model. In the computations, the various solute
contents (shown in wt%) were taken into account,
together with the Ti solute from the added re®ner (2 p.p.t.

of Al±5Ti±1B).

Fig. 9. Measured and calculated cooling curves for an Al±
0.5 wt% Fe sample with 5 p.p.t. added re®ner cooled at
0.8 K/s in an alumina crucible in air. As the measured
temperatures are subject to zero-point error, the maximum
undercooling DTmax is estimated on the experimental
curve relative to the thermal plateau following recales-
cence. The measured cooling rate at the liquidus tempera-
ture is 0.15 K/s and calculated curves are shown both for

0.8 and 0.15 K/s.
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in castings and they have been used in studies of
grain re®nement [4]. Since the present model is

based on recalescence limiting the number of grains,
it is of particular interest to compare measured
cooling curves with model predictions. Since the

expected undercoolings are so small, it is necessary
to measure the temperature with care. The absolute
temperature is di�cult to calibrate with su�cient

accuracy, so the maximum undercooling DTmax is
measured relative to the thermal plateau after reca-
lescence, as shown in Fig. 9. Since the plateau tem-

perature is a�ected by changing curvature and
solutal undercoolings, this estimation can only be
approximate. Cooling curves were measured in a
series of tests on Al±0.5 wt% Fe (varying cooling

rate and re®ner addition level) on melts in alumina
crucibles; all showed recalescence, agreeing with the
basic feature of the model. The measured curves

show that the cooling rate decreases signi®cantly as
the liquidus temperature is approached. In the
example in Fig. 9 (cooling in air), the cooling rate

of 0.8 K/s has decreased to 0.15 K/s at the liquidus
temperature itself. In the ®gure, the measured cool-
ing curve is compared with curves calculated both

for 0.8 K/s and for the apparent local cooling rate
of 0.15 K/s. In all cases, DTmax is 00:2 K, the good
agreement supporting the concept that the number
of grains is indeed limited by recalescence. The

measured time to recalescence is, however, signi®-
cantly greater than that predicted by the model,
even for the lower cooling rate. This discrepancy,

and the low measured cooling rate at the liquidus
temperature, may arise largely because the melt in
the test is not perfectly isothermal as assumed in

the modelling. In the test sample, solidi®cation pro-
gresses through the melt and is more spread in time
than in the model. Further aspects of the solidi®ca-

tion being non-isothermal are considered in Section
7.

The number of freely growing grains increases
steadily during cooling until the minimum tempera-
ture is reached at the point of recalescence. As the

temperature starts to rise, some of the smallest new
grains redissolve (illustrated in Ref. [3]). The num-
ber redissolving is negligible, however, compared

with the total; to a very good approximation, the
®nal number of grains is the number of initiation
events before recalescence.

6. DESIGNING A BETTER REFINER

The model suggests that if the particle-diameter
distribution could be restricted to the shaded por-
tion in Fig. 3, the re®ner would show 100% e�-

ciency. Such a size distribution is not likely to be
achievable, however. A thorough consideration of
how the modelling could direct re®ner design is
beyond the present scope, and is considered else-

where [39]; preliminary results are shown in Fig. 10.
Here, for a 2 p.p.t. addition of Al±5Ti±1B, it has
been assumed that the TiB2 particles have a

Gaussian diameter distribution; the width (standard
deviation) of this distribution has been taken to be
0.5 mm. Figure 10 shows that the grain size shows a

minimum as average particle diameter is decreased.
The form of this curve is not very sensitive to the
width of the distribution, and it re¯ects competing
trends. As the average particle diameter is decreased

(at constant volume fraction), the number of par-
ticles must increase, and this leads to a decrease in
grain size, though this e�ect is likely to saturate, as

suggested by the form of Fig. 4. Smaller particles
give intrinsically less good re®nement as their acti-
vation at greater undercooling leads to faster

growth. (It is found, though not illustrated here,
that smaller average particle diameter gives larger
grain size if the number of particles is held con-

stant.) Overall, then, there appears to be an opti-
mum average particle diameter, in this case of
02 mm. Other e�ects are discussed more fully in
Ref. [39].

7. DISCUSSION

Settling of inoculant particles is not accounted
for in the model. Although settling appears to be
negligible in the stirred melts used in the present ex-

perimental studies, this would not always be the
case. Similarly, particle agglomeration may have to
be taken into account for accurate modelling in

some cases.
In general, as seen in Figs 4±8, there is good

agreement between predicted and measured grain

sizes. The success of the model implies that the Al±
5Ti±1B re®ner is in most cases essentially a perfect
nucleant. The model, based on the free-growth bar-
rier [equation (4)], then correctly gives the funda-

Fig. 10. Re®nement of CP Al with 1 p.p.t. addition of Al±
5Ti±1B re®ner. The predicted grain size as a function of
average inoculant particle diameter is shown for an
assumed Gaussian distribution of particle diameter with

width (standard deviation) of 0.5 mm.
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mental limit to possible re®nement. However, if

there is a signi®cant nucleation barrier, the model
does not apply.
For example, the presence of some solutes in the

melt can dramatically reduce re®ner e�ectiveness.
For aluminium inoculated with Al±Ti±B, zirconium
in particular has a strong poisoning e�ect. This

appears to be attributable mainly to hindrance of
nucleation, by substitution of Zr for Ti in the TiB2

particles or in their Al3Ti coating [28]. Also, di�er-
ent batches of nominally identical re®ner can
behave di�erently. An anomalous sample of re®ner

with poor performance was found to give a grain
diameter four times that for a standard re®ner
under the same conditions. The di�erence in per-

formance could not be explained by the free-growth
model, as poor and standard re®ners had essentially

the same particle-diameter distribution [3]. On the
other hand, holding the poor re®ner in the melt,
improved its performance to that of a standard

good re®ner [27]. This improvement has been attrib-
uted to the development of a suitable Al3Ti layer
on the borides.

Especially for lower re®ner addition levels, lower
solute levels, and lower cooling rates, some exper-

iments yielded columnar or only partially re®ned
structures. The model treats only equiaxed growth
and may therefore make unrealistic predictions out-

side the limits of its applicability. To describe di�er-
ent types of casting and variations in casting
conditions, the only input parameter in the present

model is the cooling rate. This is inadequate, es-
pecially in the presence of steep temperature gradi-

ents, for which columnar growth would dominate.
However, extension of the modelling to the analysis
of the columnar-to-equiaxed transition is beyond

the scope of the present work. The transition is
a�ected by the temperature gradient, completely
ignored in the present modelling. Temperature-gra-

dient e�ects, including the columnar-to-equiaxed
transition, have been treated using microstructural
modelling, such as cellular-automaton, ®nite-el-

ement modelling [40]. Similar modelling is now
being applied to understand grain re®nement when

there are signi®cant temperature gradients in the
melt [41].
The present model does not include dendritic

growth and this precludes detailed calculation of
recalescence. The prediction of cooling curves is

further hindered by temperature gradients in the
solidifying sample. Measured cooling curves would
be an ideal test of the modelling, and provide a

possible diagnostic in practice. A complete ®tting,
taking account of the overall microstructural devel-
opment in a sample, would be very worthwhile.

Full prediction of as-cast grain structure may
require inclusion also of ¯uid-¯ow e�ects and den-

drite fragmentation. Finally, even the as-cast struc-
ture may in principle be a�ected by solid-state
processes such as grain growth occurring during

cooling. Such processes have not been accounted
for, and they are unlikely to be signi®cant.

8. CONCLUSIONS

A model has been developed for the prediction of
as-cast grain size in inoculated melts. This adapts
an earlier model of Maxwell and Hellawell [2] by

taking the appearance of grains to be controlled by
the condition for free growth rather than by nuclea-
tion, and by taking a distribution of inoculant par-

ticle diameters. The number of grains is limited by
recalescence of the melt. Without adjustable par-
ameters, the model ®ts quantitatively the measured
grain size in standard (TP-1) tests on commercial

purity and other aluminium alloys inoculated with
an Al±Ti±B re®ner. The variations of grain size
with re®ner addition level, cooling rate and alloy

composition are all adequately modelled. This
suggests that nucleation on the TiB2 particles in the
re®ner occurs at very low undercooling, possibly by

an adsorption mechanism. The model breaks down
in the presence of columnar growth, and when
nucleation on the inoculant particles is impaired,

for example by poisoning. According to the model,
the e�ectiveness of a re®ner may be optimized at a
particular average particle diameter.
That quantitative predictions can be made for the

number of e�ective nucleation events in solidi®ca-
tion is unusual; this is possible in the present case
because grain initiation is dominated by added

inoculant particles of high nucleation potency.
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APPENDIX

The relationship between mean linear intercept and

number of grains per unit volume

Throughout the present work, the grain diameter
is quoted as the mean linear intercept �l: The funda-
mental quantity calculated by the model is the num-

ber of grains per unit volume of sample NV. The
relationship between NV and �l is not straightfor-
ward, and indeed depends on the grain-size distri-

bution which has not been determined. An
approximate relationship is derived, assuming an
equiaxed grain structure with a grain-size distri-

bution typical of a metal.
The grain shape is taken to be the tetrakaidecahe-

dron [42]. The size of a grain can be described by

its calliper diameter D, de®ned as the mean perpen-
dicular distance, averaged over all orientations,
between two parallel tangent planes on the tetrakai-
decahedron [43]. It is assumed that the real grain

structure has a range of values of D, log-normally
distributed. The geometric-mean value �Dg is then
related to the mean linear intercept in this case by

�Dg � 1:7756 exp�ÿ2:5�ln s� 2� �l �A1�

where ln s is the standard deviation of the log-nor-
mal distribution [43]. As discussed in Ref. [44], the
grain-size distribution for a metallic microstructure
undergoing grain growth is indeed log-normal, typi-

cally with ln s � 0:23: We assume, without speci®c
justi®cation, that such a distribution will also be a
reasonable description for a re®ned, as-solidi®ed

grain structure. Substituting ln s � 0:23 in equation
(A1) gives

�Dg � 1:558 �l: �A2�

The simple arithmetic mean �D of a log-normal dis-
tribution is given by [45]

�D � �Dg exp�0:5�ln s� 2� � 1:027 �Dg �A3�

with the assumed value of ln s. Furthermore the
volume-weighted arithmetic mean �DV is given by

[45]

�DV � �D exp��ln s� 2� � 1:054 �D �A4�

again taking ln s � 0:23: Combining equations
(A2)±(A4), we have
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�DV � 1:686 �l: �A5�
From the expression for the volume of a tetrakaide-
cahedron in terms of its calliper diameter [43], it
follows that for a grain-size distribution described

by �DV, NV the number of grains per unit volume is
given by

NV � 27

8
���
2
p

�D
3

V

� 2:386

�D
3

V

: �A6�

Substituting from equation (A5), we obtain the re-
lationship which is used throughout the present

work:

NV � 0:5

�l
3
: �A7�
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